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Abstract 

We elaborate on an extension of the Standard Model with a gauge structure 
enlarged by a single anomalous U(l), where the presence of a Wess-Zumino term 
is motivated by the Green-Schwarz mechanism of string theory. The additional 
gauge interaction is anomalous and requires an axion for anomaly cancelation. The 
pseudoscalar implements the Stiickelberg mechanism and undergoes mixing with the 
standard Higgs sector to render the additional U(l) massive. We consider a 2-Higgs 
doublet model. We show that the anomalous effective vertices involving neutral 
currents are potentially observable. We clarify their role in the case of simple 
processes such as Z* —* 77, which are at variance with respect to the Standard 
Model. A brief discussion of the implications of these studies for the LHC is included. 
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1 Introduction 



Among the possible extensions of the Standard Model (SM), those where the SU(3)c x 
SU{2)w x U(1)y gauge group is enlarged by a number of extra U{1) symmetries are quite 
attractive for being modest enough departures from the SM so that they are computa- 
tionally tractable, but at the same time predictive enough so that they are interesting and 
even perhaps testable at the LHC. Of particular popularity among these have been models 
where at least one of the extra £7(1) 's is "anomalous" , that is, some of the fermion triangle 
loops with gauge boson external legs are non-vanishing. The existence of this possibility 
was noticed in the context of the (compactified to four dimensions) heterotic superstring 
where the stability of the supersymmetric vacuum [1] can trigger in the four- dimensional 
low energy effective action a non-vanishing Fayet-Iliopoulos term proportional to the grav- 
itational anomaly, i.e. proportional to the anomalous trace of the corresponding U(l). 
The mechanism was recognized to be the low energy manifestation of the Green-Schwarz 
anomaly (GS) cancellation mechanism of string theory!*] Most of the consequent develop- 
ments were concentrated around exploiting this idea in conjunction with supersymmetry 
and the Froggatt-Nielsen mechanism [2] in order to explain the mass hierarchies in the 
Yukawa sector of the SM [3], supersymmetry breaking [4], inflation [5] and axion physics 
[6], in all of which the presence of the anomalous U(l) is a crucial ingredient. In the 
context of theories with extra dimensions the analysis of anomaly localization and of 
anomaly inflow has also been at the center of interesting developments [7j, j8]. The recent 
explosion of string model building, in particular in the context of orientifold constructions 
and intersecting branes pUl E] but also in the context of the heterotic string [T2] , have 
enhanced even more the interest in anomalous U(l) models. There are a few universal 
characteristics that these vacua seem to possess. One is the presence of U(l) gauge sym- 
metries that do not appear in the SM [13j[Tl]. In realistic four dimensional heterotic string 
vacua the SM gauge group comes as a subgroup of the ten-dimensional 5*0(32) or Eg x E 8 
symmetry [15], and in practice there is at least one anomalous U(l) factor that appears 
at low energies, tied to the SM sector in a particular way, which we will summarize next. 
For simplicity and reasons of tractability we concentrate on the simplest non-trivial case 
of a model with gauge group SU (3)c x SU (2)w x U (l)y x U(1)b where Y is hypercharge 
and B is the anomalous gauge boson and with the fermion spectrum that of the SM. The 
mass term for the anomalous U{1)b appears through a Stiickelberg coupling [HI [161 Ej 
and the cancellation of its anomalies is due to four dimensional axionic and Chern-Simons 
terms (in the open string context see the recent works [HI [HI HU [20]). 

1 Conventionally in this paper we will use both the term "Green-Schwarz" (GS) to denote the mecha- 
nism of cancelation of the anomalies, to conform to the string context, though the term "Wess-Zumino" 
(WZ) would probably be more adequate and sufficient for our analysis. The corresponding counterterm 
will be denoted, GS or WZ, with no distinction. 
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Despite of all this theoretical insight both from the top-down and bottom-up ap- 
proaches, the question that remains open is how to make concrete contact with experi- 
ment. However, as mentioned above, in models with anomalous Z7(l)'s one should quite 
generally expect the presence of a physical axion-like field x an d in fact in any decay that 
involves a non- vanishing fermion triangle like the decay Z*,Z* — ► 77, Z, Z' — > Z7 
etc., one should be able to see traces of the anomalous structure [TH [20j [22j [23]. In this 
paper we will mostly concentrate on the gauge boson decays which, even though hard to 
measure, contain clear differences with respect to the SM - as is the case of the Z* — ► 77 
decay - and in addition with respect to anomaly free U(l) extensions - like the Z * — > 77 
decay - for example. 

In [TJ] a theory which extends the SM with this minimal structure (for essentially 
an arbitrary number of extra U(l) factors) was called "Minimal Low Scale Orientifold 
Model" or MLSOM for short, because in orientifold constructions one typically finds 
multiple anomalous £7(1) 's. Here, even though we discuss the case of a single anomalous 
U(l) which could also originate from heterotic vacua or some field theory extension of 
the SM, we will keep on using the same terminology keeping in mind that the results can 
apply to more general cases. We finally mention that other similar constructions with 
emphasis on other phenomenological signatures of such models have appeared before in 
[TBI EU [26j [25] . A perturbative study of the renormalization of these types of models is 
in [27] ■ Other features of these models, in view of the recent activity connected to the 
claimed PVLAS result [28], have been discussed in [23] . 

Our work is organized as follows. In the first sections we will specialize the analysis of 
[T9] to the case of an extension of the SM that contains one additional anomalous abelian 
U(l), with an abelian structure of the form U(l)y x U(1)b, that we will analyze in depth. 
We will determine the structure of the entire lagrangean and fix the counterterms in the 
1-loop anomalous effective action which are necessary to restore the gauge invariance 
of the model at quantum level. The analysis that we provide is the generalization of 
what is discussed in [23] that was devoted primarily to the analysis of anomalous abelian 
models and to the perturbative organization of the corresponding effective action. After 
determining the axion lagrangian and after discussing Higgs-axion mixing in this extension 
of the SM, we will focus our attention on an analysis of the contributions to a simple 
process [Z — > 77). Our analysis, in this case, aims to provide an example of how the new 
contributions included in the effective action - in the form of one loop counterterms that 
restore unitarity of the effective action - modify the perturbative structure of the process. 
A detailed phenomenological analysis is beyond the scope of this work, since it requires, 
to be practically useful for searches at the LHC, a very accurate determination of the 
QCD and electroweak background around the Z/Z' resonance. We hope to return to a 
complete analysis of 3-linear gauge interactions in this class of models in the near future. 
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2 Effective models at low energy: the SU (3)c x SU(2)w x 
U(1) Y x C7(1) B case 



We start by briefly recalling the main features of the MLSOM starting from the expression 
of the lagrangean which is given by 

C = - \tt [F°F G n - l -Tr[ F%F w n ~ \C FB " V ~ 
+ \(d» + ig 2 jWi + ig Y q*Al + ig B ^BjH u \ 2 
+ l^ + ig^Wl + igy^Al+ig^B^W 

+ Qu *7* (d, + ig 3 ^G; + ig 2 jWi + ig Y q { ? L) A\ + ig B $ L) B^ Q Ll 

+ urn fa + ig Y q { Y R) Al + ig B q { B R) B^ u m + d m (d, + ig Y q ( y R) A\ + ig B q% R) B^ d h 

+ Li iY (d^ + ig 2 jWi + igyq^Al + ig B qfB^ L t 

+ e Rl (d, + ig Y q { y R) Al + ig B q% R) B^ e Ri + V Rl (d, + ig Y q ( Y R) A\ + ig B q% R) B^ u Ri 

- T d Q L H d d R — T u Q L (ia 2 H*)uR + c.c. 

- T e LH d e R -T»L{ia 2 Hl)v R + c.c. 

+ ^(^ + M 1 5,) 2 

+ ^bF B AF B + ^bF Y AF Y + ^bF Y AF B 

+ ^bTr[F w A F w ] + ^bTr[F G A F G ] 
M 1 J M 1 J 

+ d x BY A F Y + d 2 YB AF B + c^B^C^ + c 2 e» vpo B^C^ 

+ V(H u ,H d ,b), (1 

where we have summed over the SU(3) index a = 1,2, ...,8, over the SU(2) index j = 
1, 2, 3 and over the fermion index i = 1,2,3 denoting a given generation. We have denoted 
with F G the field-strength for the gluons and with F^ the field strength of the weak gauge 
bosons Wfj,. F^ u and F^ u are the field-strengths related to the abelian hypercharge and the 
extra abelian gauge boson, B, which has anomalous interactions with a typical generation 
of the Standard Model. The fermions in eq. (0Q) are either left-handed or right-handed 
Dirac spinors fa, f R and they fall in the usual SU(3)c and SU{2) W representations 
of the Standard Model. The additional anomalous U(1)b is accompanied by a shifting 
Stiickelbere; axion b. The the coefficients of the Chern-Simons trilinear 

interactions |19, 20] and we have also introduced a mass term Mi at tree level for the B 
gauge boson, which is the Stiickelberg term. As usual, the hypercharge is anomaly-free 
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and its embedding in the so called "D-brane basis" has been discussed extensively in the 
previous literature [T3J, [2H [16]. Most of the features of the orientifold construction are 
preserved, but we don't work with the more general multiple U(l) structure since our goal 
is to analyze as close as possible this model making contact with direct phenomenological 
applications, although our results and methods can be promptly generalized to more 
complex situations. 

Before moving to the more specific analysis presented in this work, some comments are 
in order concerning the possible range of validity of effective actions of this type and the 
relation between the value of the cutoff parameter A and the Stiickelberg mass M\. This 
point has been addressed before in great detail in [21] and we omit any further elaboration, 
quoting the result. Lagrangeans containing dimension-5 operators in the form of a Wess- 
Zumino term may have a range of validity constrained by M\ > gig 2 /(647r 3 )a n A, where 
gi is the coupling at the chiral vertex where the anomaly a n is assigned and g is the 
coupling constant of the other two vector-like currents in a typical AVV diagram. More 
quantitatively, this bound can be reasonably assumed to be of the order of 10 5 GeV, by a 
power-counting analysis. Notice that the arguments of [2Tj . though based on the picture 
of "partial decoupling" of the fermion spectrum, in which the pseudoscalar field is the 
phase of a heavier Higgs, remain fully valid in this context (see [21] for more details). 
The actual value of M\ is left undetermined, although in the context of string model 
building there are suggestions to relate them to specific properties of the compactified 
extra dimensions (see for instance [T3| fT6j). 

3 The effective action of the MLSOM with a single 
anomalous U(l) 

Having derived the essential components of the classical lagrangean of the model, now we 
try to extend our study to the quantum level, determining the anomalous effective action 
both for the abelian and the non-abelian sectors, fixing the D, F and C coefficients in 
front of the Green-Schwarz terms in eq. [H Notice that the only anomalous contributions 
to S an in the Y-basis before symmetry breaking come from the triangle diagrams depicted 
in Fig. CD 

Since hypercharge is anomaly-free, the only relevant non-abelian anomalies to be can- 
celed are those involving one boson B with two SU(2)w bosons, or two SU(3)c bosons, 
while the abelian anomalies are those containing three U(l) bosons, with the Y 3 triangle 
excluded by the hypercharge assignment. These (BSU(2)SU(2)) and (BSU(3)SU(3)) 
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Figure 1: Anomalous triangle diagrams for the MLSOM. 



anomalies must be canceled respectively by Green- Schwarz terms of the kind 

FbTr[F w A F w ], DbTr[F G A F G ], 

with F and D to be fixed by the conditions of gauge invariance. In the abelian sector we 
have to focus on the BBB, BYY and YBB triangles which generate anomalous contribu- 
tions that need to be canceled, respectively, by the Green-Schwarz terms Cbb bF B A F B , 
CyYbF Y A F Y and CyBbF Y A F B . Denoting by Sym the anomalous effective action 
involving the classical non-abelian terms plus the non-abelian anomalous diagrams, and 
with the analogous abelian one, the complete anomalous effective action is given by 



$eff — <So + Sym + S a b (2) 
with Sq being the classical lagrangean and 



>YM 



J dxdydz (^T^§(z,x,y)B\z)W?(x)W»(y) + ^T^{z,x,y)B\z)G»{x)Gl{y)^ , 



(3) 



S ab = J dxdydz <^T x ^ B { Zl x iy )B\z)B^x)B^^ 

+^ B (z,x,y)Y\z)B»(x)B»(y) ) j . (4) 

The corresponding 3-point functions, for instance, are given by 

TbwwB X Wf 1 Wj = (0\T(J x B > f J^J^)\0)B x WtW» 

= (mJ^ L J^ L J^ L MB X W?W», (5) 
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Figure 2: Contributions to a three abelian gauge boson amplitude before the removal of 
the B — db gauge boson- Stiickelberg mixing. 



and similarly for the others. Here we have defined the chiral currents 

4 J = J x b Jr + J x b Jl = -g B 4 R ^p x PR^f - 9Bq f B L 4>fi x P^ f . 

The non-abelian W current being chiral 

Jw{ = Jwi = -g3n^ ip ^h 



(6) 



(7) 



it forces the other currents in the triangle diagram to be of the same chirality, as shown 
in Fig. (GO). 

4 Three gauge boson amplitudes and gauge fixing 



4.1 The non-abelian sector before symmetry breaking 

Before we get into the discussion of the gauge invariance of the model, it is convenient 
to elaborate on the cancelations of the spurious s-channel poles coming from the gauge- 
fixing conditions. These are imposed to remove the db — B mixing- in the effective action. 
We will perform our analysis in the basis of the interaction eigenstates since in this 
basis recovering gauge independence is more straightforward, at least before we enforce 
symmetry breaking via the Higgs mechanism. The procedure that we follow is to gauge 
fix the B gauge boson in the symmetric phase by removing the B — db mixing (see Fig. [2] 
(C)), so to derive simple Ward identities involving only fermionic triangle diagrams and 
contact trilinear interactions with gauge bosons. For this purpose to the Stiickelberg term 



we add the gauge fixing term 



gf 



4g 2 



B 



to remove the bilinear mixing, where 



1 



(d ■ B - £_bMi&) 



(9) 



(10) 
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(A) 



SU(2) SU(2) SU(2) 
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Figure 3: Unitarity check in SU(2) sector for the MLSOM. 



with a propagator for the massive B gauge boson separated in a gauge independent part 
Pq and a gauge dependent one Pg: 



k 2 - Ml 



XX' 



x u x> 



+ 



k 2 - i B Mf \ Ml 



k x k x ' 



P 



XX' 



P 



XX' 



(11) 



We will briefly illustrate here how the cancelation of the gauge dependence due to b and 
B exchanges in the s-channel goes in this (minimally) gauge-fixed theory. In the exact 
phase we have no mixing between all the Y,B,W gauge bosons and the gauge dependence 
of the B propagator is canceled by the Stueckelberg axion. In the broken phase things get 
more involved, but essentially the pattern continues to hold. In that case the Stiickelberg 
scalar has to be rotated into its physical component x an d the two Goldstones Gz and Gz> 
which are linear combinations of G® and G®- The cancelation of the spurious s-channel 
poles takes place, in this case, via the combined exchange of the Z propagator and of the 
corresponding Goldstone mode Gz- Naturally the GS interaction will be essential for this 
to happen. 

For the moment we simply work in the exact symmetry phase and in the basis of the 
interaction eigenstates. We gauge fix the action to remove the B — db mixing, but for 
the rest we set the vev of the scalars to zero. For definiteness let's consider the process 
WW — > WW mediated by a B boson as shown in Fig. [3j We denote by a bold-faced V the 
BWW vertex, constructed so to have gauge invariance on the W-lines. This vertex, as we 
are going to discuss next, requires a generalized CS counterterm to have such a property 
on the W lines. Gauge invariance on the B line, instead, which is clearly necessary to 
remove the gauge dependence in the gauge fixed action, is obtained at a diagrammatical 
level by the the axion exchange (Fig. [3]). The expressions of the two diagrams are 



A, + B, 



—i 



k 2 



+ 4 x 



CbM 2 M{ 
4F X 1 
~M 



h v BWW\ ^1' ^2, 



^ v wivrn ^2, 



;i2) 



k 2 -^ B Ml 

Using the equations for the anomalies and the correct value for the Green-Schwarz coef- 
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B 



(B) 



Figure 4: Unitarity check in abelian sector for the MLSOM. 
ficient F given in eq. (1621) (and that we will determine in the next section), we obtain 

-l 1 / w \ / - 



A, + B, 



k 2 - £ B M 2 M 2 V " Aan£klk2 ) [^ne'KkCj (g B gl D B ) 
2 (*9b92 2 "b ) { k 2_^ B M 2 



M 2 M? 



ek-[k2s'k' 1 k' 2 



(13) 



so that the cancelation is easily satisfied. The treatment of the SU(3) sector is similar 
and we omit it. 



4.2 The abelian sector before symmetry breaking 

In the abelian sector the procedure is similar. For instance, to test the cancelation of the 
gauge parameter in a process BB — > BB mediated by a B gauge boson we sum the 
two gauge dependent contributions coming from the diagrams in Fig. 0] (we consider only 
the gauge dependent part of the s-channel exchange diagrams) 



A, + B, 



r2 a,2 l 4K ^AAA\ 



k 2 - i B Mf Ml 



-k x -kS) (4A; A 'A^'(fc 1 ,A; 2 )) {g B D BBB f 



+ 4X { Jl CBB ) k 2 - \ B M 2 



ek\k2 e'k[k' 



2- 



(14) 



and cancelation of the gauge dependences implies that the following identity must hold 



]|(f) 2 (^ BB ) 2 + 4x(±C BB )^0, 



(15) 



which can be easily shown to be true after substituting the value of the GS coefficient 
given in relation (1771) . 

In Fig. (J5]) we have depicted the anomalous triangle diagram BYY (A) which has to 

M 

this case the two diagrams give 



be canceled by the Green-Schwarz term ^ L bF Y A F Y , that generates diagram (B). In 
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Y Y Y Y 




Y Y B B 

(A) (B) 

Figure 6: Unitarity check in abelian sector for the MLSOM. 



+ ^{^ c ^w^ ek *^ (16) 

The condition of unitarity of the amplitude requires the validity of the identity 
16 9 / 4 \ 2 

w a n 2 {g B g Y D BYY ) + 4 x l^Cyy) = 0, (17) 

which can be easily checked substituting the value of the GS coefficient Cyy given in 
relation ( 1751) . We will derive the expressions of these coefficients and the factors of all the 
other counterterms in the next section. The gauge dependences appearing in the diagrams 
shown in Fig. [6] are analyzed in a similar way and we omit repeating the previous steps, 
but it should be obvious by now how the perturbative expansion is organized in terms of 
tree-level vertices and 1-loop counterterms, and how gauge invariance is checked at higher 
orders when the propagators of the B gauge boson and of the axion b are both present. 
Notice that in the exact phase the axion b is not coupled to the fermions and the pattern 
of cancelations to ensure gauge independence, in this specific case, is simplified. 

At this point we pause to make some comments. The mixed anomalies analyzed 
above involve a non-anomalous abelian gauge boson and the remaining gauge interactions 
(abelian/non-abelian). To be specific, in our model with a single non-anomalous £7(1), 
which is the hypercharge U(l)y gauge group, these mixed anomalies are those involving 
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triangle diagrams with the Y and B generators or the B accompanied by the non-abelian 
sector. Consider, for instance, the BYY triangle, which appears in the YB — > YB ampli- 
tude. There are two options that we can follow. Either we require that the corresponding 
traces of the generators over each generation vanish identically 

Tr\<f$- qB ] = -2 (-5) 2 9?' + ("l) 2 ^"' + 3 



- 2 Q)>+(?)V+(4)> 



which can be viewed as a specific condition on the charges of model or, if this is not 
the case, we require that suitable one-loop counterterms balance the anomalous gauge 
variation. We are allowed, in other words, to fix the two divergent invariant amplitudes 
of the triangle diagram so that the corresponding Ward identities for the BYY vertex 
and similar anomalous vertices are satisfied. This is a condition on the parameterization 
of the Feynman vertex rather than on the charges and is, in principle, allowed. It is not 
necessary to have a specific determination of the charges for this to occur, as far as the 
counterterms are fixed accordingly. For instance, in the abelian sector the diagrams in 
question are 

YB -> YB mediated by Y oc Tr[q^q B ] 
YY — > YY mediated by B oc Tr[qyq B ] 
BB — > BB mediated by Y oc Tr[qYq 2 B ] 
YB -> YB mediated by B oc Tr[q Y q B \. 

(19) 

In the MLSOM these traces are, in general, non vanishing and therefore we need to 
introduce defining Ward identities to render the effective action anomaly free. 



5 Ward Identities, Green-Schwarz and Chern-Simons 
counterterms in the Stiickelberg phase 

Having discussed the structure of the theory in the basis of the interaction eigenstates, we 
come now to identify the coefficients needed to enforce cancelation of the anomalies in the 
1-loop effective action. In the basis of the physical gauge bosons we will be dropping, with 
this choice, a gauge dependent ( Bdb mixing) term that is vanishing for physical polar- 
izations. At the same time, for exchanges of virtual gauge bosons, the gauge dependence 
of the corresponding propagators is canceled by the associated Goldstone exchanges. 
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Starting from the non abelian contributions, the BWW amplitude, we separate the 
charge/coupling constant dependence of a given diagram from the rest of its parametric 
structure T using, in the SU (2) case, the relations 



T$$>B x W?Wr = g B 92^Tr[T^Tr[qZ]T»"B x WtWr 

= \g B glY. D B )TXtlUBXw tW^ (20) 



having defined = \Tr[q B \ = — |X1/<?b L an d T A ^ is the 3-point function in config- 
uration space, with all the couplings and the charges factored out, symmetrized in \xv. 
Similarly, for the coupling of B to the gluons we obtain 

T^ G ab B x G^ b = g B g^ Tr [ T aT b ]lTr[ q L B ]T x ^B x G^ b 

a,b 

= ±g B g*J2 Di B )T ^ BX GZGl, (21) 

a 

while the abelian triangle diagrams are given by 

T X B P B B X B»B U = g B -Tr[q B ]T x ^B x B^B u = g B D BBB T x ^B x B^B u , (22) 

8 

T X ^ Y B X Y^Y U = g B g Y -Tr[q B q Y ]T x ^B x Y^Y u 

8 

= g B g Y D BYY T x ^B x Y»Y», (23) 
T X B » B Y X B»B» = g Y g 2 B l -Tr[q Y ql]T x ^Y x B»B» 

= g Y glD YBB T x ^Y x B»B\ (24) 

with the following definitions for the traces (see also the discussion in the Appendix) 

D BBB = ^r[,|] = i^[(0 3 -(4 L ) 3 ], (25) 

/ 

D B yy = \Tr[q B ^] = \Y l [^ R (^-^ L (4 L ) 2 ], W 

D YBB = \Tr[q Y q B ] = ± £ [q Y R - . (27) 

/ 

The T vertex is given by the usual combination of vector and axial-vector components 

rpXflU rpX^LU , rpXflU , rpX^LU , rpX^jLU t ao\ 

AAA ' AVV ' VAV ' VVA ' \ Z °) 

and we denote by A(k±, k 2 ) its expression in momentum space 
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Figure 7: All the anomalous electroweak contributions to a triangle diagram in the non- 
abelian sector in the massless fermion case 



(2vr) 4 5(A; - hi - k 2 )A XfJ ' u (k 1 , k 2 ) = J dxdydze ikl - x+ik2y - ik - z T x ^(z, x, y). (29) 

We denote similarly with A^ v , A^ v , A^ A the momentum space expressions of the 
corresponding x-space vertices T^^-y, Tyy A , T-y^-y respectively. As illustrated in Fig. (171) 
and Fig. (jSJ), the complete structure of T is given by 

A x ^(h, k 2 ) = ~ [A A ^(-l/2, k h k 2 ) + A^ A (-l/2, k 2 , -k) + A" A "(-l/2, -k, h 

+A A ^(-l/2, k u k 2 ) + A^ A (-l/2, k 2 , -k) + A" A "(-l/2, —k, h) 

= ^ [A A ^(-l/2, h, k 2 ) + A^ A (-l/2, k 2 , -k) + A^(-l/2, —k, h 

= 4A^ A , (30) 

where we have used the relation between the Aaaa (bold-faced) vertex and the usual A 
vertex, which is of the form AVV. Notice that 



AX = A A ^(-1/2A,A; 2 ), 
^avv = A^ A (-l/2,fc 2 ,-A;), 

A^ v = A"^(-l/2, -*,*!), (31) 

are the usual vertices with conserved vector current (CVC) on two lines and the anomaly 
on a single axial vertex. 

The AAA vertex is constructed by symmetrizing the distribution of the anomaly on 
each of the three chiral currents, which is the content of fl30|) . The same vertex can be 
obtained from the basic AVV vertex by a suitable shift, with (3 = 1/6, and then repeating 
the same procedure on the other indices and external momenta, with a cyclic permutation. 
We obtain 



aSHa(W°iM = A x ^(-l/2,k u k 2 ) - ^- 2 -e x ^(h- k 2 ) a 



(32) 
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and its corresponding anomaly equations are given by 

k 2 „A x A ^ A (l/6,k u k 2 ) = ^-e x ^k 2a k lf3 , (33) 

typical of a symmetric distribution of the anomaly. 

These identities are obtained from the general shift-relation 

A A ^(/3', k 1} k 2 ) = A A ^(/3, k 1} k 2 ) + fi^Qh ~ k 2 )a- (34) 

Vertices with conserved axial currents (CAC) can be related to the symmetric AAA 
vertex in a similar way 

A^ A (+l/6, k,, k 2 ) = {A A ^(+l/2, k x , k 2 )} CAC + JL ~ e x ^(k, - k 2 ) a . (35) 

At this point we are ready to introduce the complete vertices for this model, which 
are given by the amplitude (129]) with the addition of the corresponding Chern-Simons 
counterterms, were required. These will be determined later in this section by imposing 
the conservation of the SU(2), SU(3) and Y gauge currents. Following this definition for 
all the anomalous vertices, the amplitudes can then be written as 

g B g Y D BYY T x ^B x Y^ l Y u + d x BY A F Y 
g Y g 2 B D YBB T x ^Y x B»B» + d 2 YB A F B , 
glD BBB T x ^B x B^B v 

(36) 

which are the anomalous vertices of the effective action, corrected when necessary by 
suitable CS interactions in order to conserve all the gauge currents at 1-loop. 

Before we proceed with our analysis, which has the goal to determine explicitly the 
counterterms in each of these vertices, we pause for some practical considerations. It is 
clear that the scheme that we have followed in order to determine the structure of the 
vertices of the effective action has been to assign the anomaly only to the chiral vertices 
and to impose conservation of the vector current. There are regularization schemes in the 
literature that enforce this principle, the most famous one being dimensional regularization 



V ^ b aa B X G » G » 

V X B ^ Y B X Y»Y V 

^XfMU y\ RA t TJU 

V YBB I D D 

V B ^ BB B X B^B U 



14 



with the t'Hooft Veltman prescription for 75 (see also the discussion in part 1). In this 
scheme the anomaly is equally distributed for vertices of the form AAA and is assigned 
only to the axial-vector vertex in triangles of the form AVV and similar. Diagrams of 
the form AAV are zero by Furry's theorem, being equivalent to VVV. 

We could also have proceeded in a different way, for instance by defining each V, for 
instance Vbyy, to have an anomaly only on the B vertex and not on the Y vertices, even 
if Y has both a vector and an axial- vector components at tree level and is, indeed, a chiral 
current. This implies that at 1-loop the chiral projector has to be moved from the Y to 
to the B vertex "by hand", no matter if it appears on the Y current or on the B current, 
rendering the Y current effectively vector-like at 1 loop. This is also what a CS term does. 
In both cases we are anyhow bond to define separately the 1-loop vertices as new entities, 
unrelated to the tree level currents. However, having explicit Chern-Simons counterterms 
renders the treatment compatible with dimensional regularization in the t'Hooft- Veltman 
prescription. It is clear, however, that one way or the other, the quantum action is 
not fixed at classical level since the counterterms are related to quantum effects and the 
corresponding Ward identities, which force the cancelation of the anomaly to take place 
in a completely new way respect to the SM case, are indeed defining conditions on the 
theory. 

Having clarified this subtle point, we return to the determination of the gauge invari- 
ance conditions for our anomalous vertices. 

Under B-gauge transformations we have the following variations (singlet anomalies) 
of the effective action 

^S B < T BWW BWW >= i 9 ^- \a n \{0 B F? A if) Tr[rV] D%\ (37) 

1 2/11 

-8 B < T BGG BGG >= i 9 -^- -a n — (6 B F G A F b G ) Tr[T a T b ] D%\ (38) 
and with the normalization given by 

Tr[rV] = ]-8 ij Tr[T a T b ] = -5 ab (39) 

we obtain 

^ B <T BSU(2)SU{2) BWW> = i^^(^A^» (40) 

^S B <T BSU{3)SU{3) BGG> = i 9 -^^(9 B F?AF?)D B L \ (41) 
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Note, in particular, that the covariantization of the anomalous contributions requires the 
entire non-abelian field strengths and F^ u 

= W- d u W; - g^W^ = F^ u - g 2 e tjk W^W u k (42) 
F a> nu — ®vPv ~ 9„G^ — g 3 j "abcG^GI = F a [iV — g z f a bcG\G c v . (43) 

The covariantization of the right-hand-side (rhs) of the anomaly equations takes place via 
higher order corrections, involving correlators with more external gauge lines. It is well 
known, though, that the cancelation of the anomalies in these higher order non-abelian 
diagrams (in d=4) is only related to the triangle diagram (see [23]). 

Under the non-abelian gauge transformations we have the following variations 

^ SU{2) (T BWW BWW) = ^^fla n 1 -(F B ATri6F w })D ( B L) (44) 
^S SU{3) (T BGG BGG) = i^fla^F* ATr^F^D^, (45) 

where the "hat" field strengths F w and F G refer to the abelian part of the non-abelian 
field strengths W and G. Introducing the notation 

Tr[6F w ] = TrfrV^Ff = i,j = 1,2,3 (46) 

Tr\QF°\ = Tr[T a T b }$ a F<? = l -d a pc a,6=l,2,..,8 (47) 
the expressions of the variations become 

^6 sm (T BWW BWW) = i^f^e.pB N pw )D V (4g) 

^ sum (T BGG BGG) = ^^(V B AF a G )^. (49) 

We have now to introduce the Chern-Simons counterterms for the non-abelian gauge 
variations 



^non—ab 



S° B S W w + S c B S cc = c^B^W) + c 2 (e^B^), 
with the non-abelian CS forms given by 



fxvp 



K ( F t P + 3 92 e ijk WiW* ) + cycl 



ic 



G a ,(F^ p + -g 3 f^G b u G c p ) + cyclic 



(50) 

(51) 
(52) 
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whose variations under non-abelian gauge transformations are 

1 



l±vp 



V {fZ p ) + cyclic 



+ cycl 



IC 



The variations of the Chern-Simons counterterms then become 



A <z cs 

0SU{2)O BWW 
OSU(3)0 BGG 



(53) 
(54) 

(55) 
(56) 



and we can choose the coefficients in front of the CS counterterms to obtain anomaly 
cancelations for the non-abelian contributions 



c i = ~Wb92 ^ a nD B c 2 = -tg B g 3 ~a n D B '. (57) 

The variations under B-gauge transformations for the related CS counterterms are then 
given by 

SbS&w = "^(WaO (58) 
SbS^g = -%±(0 B F?AFf), (59) 



where the coefficients q are given in fjoTJl . The variations under the B-gauge transfor- 
mations for the SU(2) and £77(3) Green-Schwarz counterterms are respectively given 
by 

jrj S B (bTr[F w A F w ] ) = -F^-(9 B F^ Aif), (60) 
^5 B (bTr[F G AF G ]) = -D^(9 B F?AF°), (61) 

and the cancelation of the anomalous contributions coming from the B-gauge transforma- 
tions determines F and D as 

F = W Ws9 2 y D B , -D = — y D fl . (62) 

There are some comments to be made concerning the generalized CS terms responsible 
for the cancelation of the mixed anomalies. These terms, in momentum space, generate 
standard trilinear CS interactions, whose momentum structure is exactly the same as 
that due to the abelian ones (see the appendix of part 1 for more details), plus additional 
quadrilinear (contact) gauge interactions. These will be neglected in our analysis since 
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A/3 

+ A 
A/3 
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V 




) x (R 3 -L 3 ) 



Figure 8: All the anomalous contributions to a triangle diagram in the abelian sector for 
generic vector-axial vector trilinear interactions in the massless fermion case 

we will be focusing in the next sections on the characterization of neutral tri-linear inter- 
actions. In processes such as Z — > 777 they re-distribute the anomaly appropriately in 
higher point functions. 

For the abelian part S a b of the effective action we first focus on gauge variations on 
B, obtaining 

y B {T^ B B\z)B^x)B v {y)) = i§^(F B A F B B B ) D BBB , (63) 



2! 



: 9b9y 4 „ 1 / tp y 



2! 3 4 



a n -{F Y AF Y 6 B )D BYY , (64) 



^5 B (T^ B Y\z)B»{x)B\y)) 



and variations for Y that give 



1 
2! 



5 Y (T^ Y B\z)Y»(x)Y»(y)) 



i^la n 2 -(F Y AF*9 B )D YBB , 



i g ^\a n \(F^F»e Y )D BYY , 



(65) 



(66) 



^ Y {T^ B Y\z)B»{x)B»{y)) 



n \(F B AF B 9 Y )D YBB . (67) 



2! 3 4 

Also in this case we introduce the corresponding abelian Chern-Simons counterterms 



cCS _ qCS 1 qCS 
°ab — °RW ' °V 



'BYY ~ ^YBB 



whose variations are given by 



d Y o BYY 

°Y<~> YBB 



= d^BY A F Y ) + d 2 (YB A F E 



^(9 Y F B AF Y ), 
-^{9 Y F B AF B ), 



and we can fix their coefficients so to obtain the cancelation of the Y-anomaly 
di = -igBg Y ^a„D BYY d 2 = ig Y g B D YBB . 



(68) 

(69) 
(70) 

(71) 
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Similarly, the gauge variation of B in the corresponding Green-Schwarz terms gives 

^6 B (bF B AF B ) = -C BB ^(9 B F B AF B ) (72) 

9^S B (bF Y AF Y ) = -C YY ^{6 B F Y AF Y ) (73) 

^S B (bF Y AF B ) = -C YB ^(9 B F Y AF B ) (74) 

and on the other hand the B- variations of the fixed CS counterterms are 

S B S c B *y = -^(9 B F Y AF Y ), (75) 

SbS? s bb = ^{e B F Y AF B ). (76) 

Finally the cancelation of the anomalous contributions from the abelian part of the effec- 
tive action requires following conditions 

n M »Jb n m\ 

Cyy = ^-w B g Y Y D BYY, (78) 

M 2 a n 

= -^ % 9y9b^ d ybb- (79) 

Regarding the Y-variations oc Tr[q B q Y ] and oc Tr[q B q Y ], in general these traces are not 
identically vanishing and we introduce the CS and GS counterterms to cancel them. 
Having determined the factors in front of all the counterterms, we can summarize the 
structure of the one-loop anomalous effective action plus the counterterms as follows 



<S — <Sq + S an + Sqs + Scs 

= S + ^(TbwwBWW) + ^(TbggBGG) + ^(T BBB BBB) 

+±(T BYY BYY) + ^(T YBB YBB) 

+^f( bF B A F B ) + ^f(bF Y A F Y ) + ^f(bF Y A F B ) 

+ L/bTr\F w A F w \) + —(bTr \F G A F G \) 
+d 1 (BY AF Y ) + d 2 (YB AF B ) 
+ Cl (e^B,C^) + ot^ByP™®), 

(80) 

where Sq is the classical action. At this point we are ready to define the expressions in 
momentum space of the vertices introduced in eq. f[3"6"j) . denoted by V, obtaining 
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■trXflu 
v BGG 


= Q R (7o 2 A^a ( + 1/6,^, 






z 

3 


e A/w (A; n 


- kn) 

2! a 


(81) 


-irXflv 
v BWW 


= 4-^ i) 5s52 2 A^ A (+l/6,A; 1 , 


k 2/ 


cm o 1 i 


2 
3 


e A ^ <T (A; 1 




(82) 


-trXflU 

v BYY 




k 2 ) 


+ Dbyy 9b9y~^ 


2 
3 


e A ^' T (A; 1 




(83) 


yV 
v YBB 


= ^ d ybb9y9b AaaaC+VMi, 


k 2 ) 


n 2 i 

YBB 9y9b 2 


1 

3 




~ k 2 ) a . 


(84) 


-trXflu 




)■ 








(85) 



where for the generalized CS terms we consider only the trilinear CS interactions whose 
momentum structure is the same as the abelian ones as already discussed in section [5) The 
factor 1/2 overall in the non abelian vertices comes from the trace over the generators. 
These vertices satisfy standard Ward identities on the external Standard Model lines, 
with an anomalous Ward identity only on the B line 

V^V(^ 2 ) = (86) 
k2^ X J 1 Y Y (ki,k 2 ) = (87) 
k x ^BYY(h,k 2 ) = 4D BYY g B g Y a n e^k la k 2p , (88) 

and obviously the B-currents contain the total anomaly a n = —^2- The same anomaly 
equations given above for ~V BYY hold for the and vertices but with a 1/2 

factor overall. The anomaly equations for the YBB vertex are 

rty^.y = 4D YBB g Y g 2 B ^e x ^k la k 2(3 (89) 
^V A bb(^ 2 ) = 4D YBB g Y g 2 B ^-e x ^k 2a k 10 (90) 

= o, (91) 

where the chiral current Y has to be conserved so to render the 1 loop effective action 
gauge invariant. Introducing a symmetric distribution of the anomaly, in the BBB case 
the analogous equations are 



V^bb(^ 2 ) = 4D BBB g B fe x ^k la k 2 p (92) 
^V A bb(^i^ 2 ) = WbbbQb Y^ k 2ak 1(i (93) 
= ±D BBB g B ^ e^k la k 2 p, (94) 

A study of the issue of the gauge dependence in these types of models can be found in 
[23] • Clearly, in our case, this study is more involved, but the cancelations of the gauge 
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dependendent terms in specific classes of diagrams can be performed both in the exact 
phase and in the broken phase, similarly to the discussion presented in our companion 
work, having re-expressed the fields in the basis of the mass eigenstates. The approach 
that we follow is then clear: we worry about the cancelation of the anomalies in the 
exact phase, having performed a minimal gauge fixing to remove the B mixing with the 
axion b, then we rotate the fields and re-parameterize the lagrangean around the non 
trivial vacuum of the potential. We will see in the next sections that with this simple 
procedure we can easily discuss simple basic processes involving neutral and charged 
currents exploiting the invariance of the effective action under re-parameterizations of the 
fields. 

6 The neutral currents sector in the MLSOM 

In this section we move toward the phenomenological analysis of a typical process which 
exhibits the new trilinear gauge interactions at 1-loop level. As we have mentioned in the 
introduction, our goal here is to characterize this analysis at a more formal level, leaving to 
future work a numerical study. It should be clear, however, from the discussion presented 
in this and in the next sections, how to proceed in a more general case. The theory is 
well-defined and consistent so that we can foresee accurate studies of its predictions for 
applications at the LHC in the future. 

We proceeed with our illustration starting from the definition of the neutral current 
in the model, which is given by 

- C NC = V77 M hKT 3 + g Y YAl + g B Y B B^} ^, (95) 

that we express in the two basis, the basis of the interaction eigenstates and of the 
mass eigenstates. Clearly in the interaction basis the bosonic operator in the covariant 
derivative becomes 

T = g 2 W*T 3 + g Y YAl + g B Y B B^ 

= g z Q z Z^ + g z ,Q z ,Zl + eQAl, (96) 

where Q = T 3 + Y. The rotation in the photon basis gives 

W 3 = O^Al + 0^ 3Z Z, + 0^ 3Z ,Z^ (97) 
A\ = O^Al + 0$ z Z, + 0$ z ,Z^ (98) 
B, = Oi z Z, + Oi zf Zl (99) 

(100) 
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and performing the rotation on T we obtain 

T = Al [g 2 A 3j T 3 + g Y Yj Y] + Z, [g 2 A zZ T 3 + g Y A z Y + g B A z Y B ] 
[g 2 0^, z ,T 3 + g Y A z ,Y + g B A z ,Y B ] , 

where the electromagnetic current can be written in the usual way 

K [g 2 O^T 3 + 9yO Y ,Y] = eAlQ, 

with the definition of the electric charge as 

r\A r\A 9y92 

V9y + 92 

Similarly for the neutral Z current we obtain 

Z, [g 2 0^ z T 3 + g Y YZ Y + g B A z Y B ] 
= Z, [T 3 (g 2 A sZ - g Y YZ ) + g Y YZ Q + 9b O a z Y b ] 



(101) 



(102) 



(103) 



= z ^9z 
where we have defined 



T 3 + 



9 Y Y z 



-Q + 



9bO A 



BZ 



92^w- A z 9yO YZ 9 2 A r aZ g Y YZ 



Y R 



9z = g 2 Ow s z ~ 9 Y Y z -9 = 



92 



cos 9 



(104) 



(105) 



w 



We can easily work out the structure of the covariant derivative interaction applied on a 
left-handed or on a right-handed fermion. For this reason it is convenient to introduce 
some notation. We define 



»Q = 



/4 



9yO A 



YZ 



• sin 2 9 



9z 



* ~ ^< , so that Jim /x| = 0. 



9z 



and similarly for the Z 1 neutral current 
9z> = fi^wW ~ 9yO YZ ,, 



z > _ 9yO YZI 



,,z' _ 9bObz' 



9z> ' 9 Z > 

We can easily identify the generators in the (Z, Z 7 , Ay) basis. These are given by 

Qz = Qz + Qz = T 3L + ^ Q Q L + filYi + ^ Q Q R + ^ B Yi 
Qz> = Qz' + Qz'=T 3L + ^ Z Q Q L + ^Yi + f i z Q Q R + f i Z B Yi 

Q = Ql + Qr 



(106) 
(107) 

(108) 



(109) 



which will be denoted as Qp = (Q, Q z , Qz 1 )- To express a given correlator, say (ZAyAy) 
in the (W 3: A Y ,B) basis we proceed as follows. We denote with Q p = (Q,Qz,Qz') the 
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generators in the photon basis (Ay, Z, Z') and with = (e, g z , g z ,) the corresponding cou- 
plings. Similarly, Q p = (T 3 , Y, Y B ) are the generators in the interaction basis (W 3 , A Y , B) 
and g = {(}2i9yi9b) ^ ne corresponding couplings, so that 



-C 



NC 



9zQzZ» + Qz'Qz'Z' +eQA 



if, 



irf [g 2 T 3 W* + g Y YAl + g B Y B B,} j>. 



[110) 



7 The Z77 vertex in the Standard Model 

Before coming to the computation of this vertex in the MLSOM we first start reviewing 
its structure in the SM. 

We show in Fig. [9] the Z77 vertex in the SM, where we have separated the QED 
contributions from the remaining corrections Ryy. This vertex vanishes at all orders when 
all the three lines are on-shell, due to the Landau- Yang theorem. A direct prook of this 
property for the fermionic 1-loop corrections has been included in an appendix, where we 
show the on-shell vanishing of the vertex. 

The QED contribution contains the fermionic triangle diagrams (direct plus exchanged) 
and the contributions in Rw include all the remaining ones at 1-loop level. In this case the 
separation between the pure QED contributions (due to the 2 fermionic diagrams) and the 
remaining corrections, which are separately gauge invariant on the photon lines, is rather 
straightforward, though this is not the case, in general, for more complicated electroweak 
amplitudes. Specifically, as shown in Fig. CEO, Rw, contains ghosts, goldstones and all 
other exchanges. An exhaustive computation of all these contributions is not needed for 
the scope of this discussion and will be left for future work. We have omitted diagrams 
of the type shown in Figs. [mfT2l These are removed by working in the R^ gauge for 
the Z boson. Notice, however, that even without a gauge fixing these decouple from the 
anomaly diagrams in the massless fermion limit since the Goldstone does not couple to 
massless fermions. In Fig. [13] we show how the anomaly is re-distributed in an AAA 
diagram by a CS interaction, generating an AVV vertex. 

To appreciate the role played by the anomaly in this vertex we perform a direct 
computation of the two anomaly diagrams and include the fermionic mass terms. A 
direct computation gives 



e 2 g 



cos 9 



d 4 p 



Tr 



TJli 



-7 P 7 5 - 



rrii 



-1" 



VTLt 



"7 



+ {ki -> k 2 ,fl -> u). 
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Figure 9: The Z77 vertex to lowest order in the Standard Model, with the anomalous 
contributions and the remaining weak corrections shown separately. 




Y Y Y 

(E) (F) (G) 



Figure 10: Some typical electroweak corrections, involving the charged Goldstones (here 
denoted by G, ghosts contributions (u±) and W exchanges. 



which can be cast in the form 
G p ^(k,h,k 2 ) = 



e 2 g 



2n 2 cos 9 



w 



\ — X\ 



1 

A 



[1 — xt- x 2 )(x 2 h - xik 2 )p{k 2 k la + k'{k 2a ) 
+ (1 - x x - x 2 ){e a ^k la k w {x 2 k» - xikZ) + {/I -> 1/)) 
+e au/3p k la k w (x 2 (x 2 - xi - l)k{ - Xl (x 2 - Xl + l)k p 2 ) 



where 



A = mj + x 2 {x 2 — l)k\ + x\{x\ — 1)^2 — 1x\x 2 k\ ■ k 2 , 
and we have introducing the A and g^ v couplings of the Z with 



9za 



-T, 



f 



9z,v = ~ QfSin z 9 w . 



3 • 



(112) 



;ii3) 



(114) 



This form of the amplitude is obtained if we use the standard Rosenberg definition of 
the anomalous diagrams and it agrees with In this case the Ward identities on the 
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Figure 11: Z — G° z mixing in the broken phase in the SM. 
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Figure 12: Same as in Fig. [TT] but for the MLSOM 



photon lines are defining conditions for the vertex. Naturally, with the standard fermion 
multiplet assignment the anomaly vanishes since 



0. 



;ii5) 



Because of the anomaly cancelation, the fermionic vertex is zero also off-shell, if the masses 
of all the fermions in each generation are degenerate, in particular if they are massless. 
Notice that this is not a consequence of the Landau- Yang theorem. 

Let us now move to the Ward identity on the Z line. A direct computation gives 



k p G pvp 



e 2 g 



TC 2 COS 8 



2,3 



TXli 



1— XI 



dx 2 — 



■ (H6) 



The presence of a mass-dependent term on the right hand side of (11 1 6 j) constitutes a 
break-down of axial current conservation for massive fermions, as expected. 



7.1 The Z77 vertex in anomalous abelian models: the Higgs- 
Stiickelberg phase 

The presence of anomalous generators in a given vertex renders some trilinear interactions 
non- vanishing also for massless fermions. In fact, as we have shown in the previous 
section, in the SM the anomalous triangle diagrams vanish if we neglect the masses of all 
the fermions, and this occurs both on-shell and off-shell. The only left over corrections 
are related to the fermion mass and these will also vanish (off-shell) if all the fermions 
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Figure 13: Re-distribution of the anomaly via the CS counterterm 

of a given generation are mass degenerate. The on-shell vanishing of the same vertices 
is a consequence of the structure of the amplitude, as we show in the appendix. The 
extraction of the contribution of the anomalous generators in the trilinear vertices can be 
obtained starting from the 1-particle irreducible effective action, written in the basis of 
the interaction eigenstates, and performing the rotation of the trilinear interaction that 
project onto the Z77 vertex. 

In order to appreciate the differences between the SM result and the analogous one in 
the anomalous extensions that we are considering, we start by observing that only in the 
Stiickelberg phase (Mi 7^ and v u — v d — 0) the anomaly-free traces vanish, 

(YYY) g Y Tr[Q Y ] = 
(YW 3 W 3 )g Y g 2 2 Tr[Q Y T 3 T 3 ] = 0, (117) 

because of charge assignment. A similar result is valid also in the HS phase if the Yukawa 
couplings are neglected. Coming to extract the Z77 vertex we rotate the anomalous 
diagrams of the effective action into the mass eigenstates, being careful to separate the 
massless from the massive fermion contributions. 

Hence, we split the (YYY) vertex into its chiral contributions and performing the 
rotation of the fields we get the following contributions 

±{YYY)g Y Tr[Q Y } = 

E \9yI(Qyj) 3 ( lll ) x " u + g Y \(Qhf(RRR) x ^ 
f L 

+g Y \Q YJ (Qlf) 2 (LRR)^ + g Y \Q YJ Ql f Q YJ (LRL) x ^ 



+gy\{Q L Yj) 2 QyA LLR ) x " u + g Y \Qh(Qhf( RLL ) x " v 
+g Y l -Ql f Q L Y M f (RLR)^ + g Y \(Q* f YQ YJ (RRL)^ 



Z X A » A „1_ R YYY + 



(118) 

where the dots indicate all the other projections of the type ZZ^, ^'77 etc. Here (LLL), 
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{RLE) etc., indicate the (clockwise) insertion olL/R chiral projectors on the A/xz/ vertices 
of the anomaly diagrams. 

For the (YWW) vertex the structure is more simple because the generator associated 
to W3 is left-chiral 

y } (YWW) g Y g\ Tr[Q Y (T 3 ) 2 ] = £ \g Y g\ ^ Q Y j (Tlj) 2 (LLL) Xfiu 



2! 



+9Y9hQU T lf) 2 ( RLL ) XtIU 



The (BYY) vertex works in same way of (YYY) 



Z X A^R YWW + 



119) 



-(BYY) 9B g Y Tr[Q B Q Y } = 



E 



9 B g 2 y\Q L B j{Qyj) 2 (LLL)^ + g B g Y \Ql f {Ql f f(RRRy 



8 



+gBg Y \Q L BJ {Qlf) 2 (LRR)^ + ^ i^Qp^^LiZL)^ 
+^^^l,/Qy,/Qy,/(^) V!y + g B g 2 Y \Qh(Qh)^ RLL ) x " v 
+9Bg 2 Y l -Ql f Q Y jQh^ L R) x " u + 9Bg Y ^Q B jQ Y ,fQ Y j(RRL) x,J 
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Z X A? / A»-R 



Finally, the (BWW) vertex is similar to (YWW) 
1 



2! 



(BWW)g Y g 2 2 Tr[Q B (T 



3\2] 



where we have defined 



£ 

/ 
,1 
; 8 



9B9l\Q L B j{Tlj) 2 (LLL)^ 



+9b91^Q R bMj) 2 (RLL)^ 



Z X A^-R BWW + 



(121) 



R YYY = 3 [(O at ) 22 (O at ) 2 21 ] 

r yww = [ 2{ AT )n(0 AT ) l2 (0 AT ) 21 + (O at ) 2 u (O at ) 22 ] 

- (o AT r 2l (o AT ) 32 

= [{o AT Uo AT ), 2 ] . 



R BYY : 

ftBWW 



122) 



which are the product of rotation matrices that project the anomalous effective action 
from the interaction eigenstate basis over the Z, 7 gauge bosons. 
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We have expressed the generators in their chiral basis, and their mixing is due to mass 
insertions over each fermion line in the loop. The ellypsis refers to additional contributions 
which do not project on the vertex that we are interested in but which are present in the 
analysis of the remaining neutral vertices, ^'77 etc. The notation AT indicates the 

transposed of the rotation matrix from the interaction to the mass eigenstates. To obtain 
the final expression of the amplitude in the interaction eigenstate basis one can easily 
observe that in the helicity conserving amplitudes (LLL) and (RRR) the mass dependence 
in the fermion loops is all contained in the denominators of the propagators, not in the 
Dirac traces. The only diagrams that contain a mass dependence at the numerators are 
those involving chirality flips ((LLR), (RRL)) which contribute with terms proportional to 
mj. These terms contribute only to the invariant amplitudes A\ and A 2 of the Rosenberg 
representation [23] and, although finite, they disappear once we impose a Ward identity 
on the two photon lines, as requested by CVC for the two photons. A similar result is valid 
for the SM, as one can easily figure out from Eq. (j!12p . Therefore, the amplitudes can 
be expressed just in terms of LLL and RRR correlators, and since the mass dependence 
is at the denominators of the propagators, one can easily show the relation 

{LLL) = -(RRR) (123) 

valid for any fermion mass rrif. Defining (LLL) = A^ L (mf 7^ 0), we can express the 
only independent chiral graph as sum of two contributions 

? 0) = Afe(0) + Ai&(m/) (124) 

where we define 

A x L Z(m f ) = A% L (m f ? 0) - Afe(m, = 0). (125) 

Also, one can verify quite easily that 

Afc(0) = A^fOl+A^Ol+AfclOl+AXfO) 
= 4A^(0). 

(126) 

A second contribution to the effective action comes from the 1-loop counterterms 
containing generalized CS terms. There are two ways to express these counterterms: either 
as separate 3-linear interactions or as modifications of the two invariant amplitudes of the 
Rosenberg parameterization A\, A%. These amplitude depend linearly on the momenta of 
the vertex [231. For instance we use 
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AWO) - ^-e x ^ a (k la - k 2a ) = A AVV (0), (127) 

which allows to absorb completely the CS term, giving conserved Y/W3 currents in the 
interaction eigenstate basis. In this case we move from a symmetric distribution of the 
anomaly in the AAA diagram, to an AVV diagram. These currents interpolate with the 
vector-like vertices (V) of the AVV graph. 

Notice that once the anomaly is moved from any vertex involving a Y/W3 current to a 
vertex with a B current, it is then canceled by the GS interaction. The extension of this 
analysis to the complete m/-dependent case for A LLL (rrif 7^ 0) is quite straightforward. 
In fact, after some re- arrangements of the Z77 amplitude, we are left with the following 
contributions in the physical basis in the broken phase 



(Zjj) U^o = - £ a^VK * 0) [ g \e YYY R YYY + gygle YWW R YWW 
f 

+9B9 2 Y ef YY R BYY + g B g 2 2 ef ww R BWW ] Z X A^ (128) 
where we have defined the anomalous chiral asymmetries as 

d f YY = [QbAQyjY - Qbj{Qyj) 2 ] 

ef ww = q l b Mj) 2 - ( 129 ) 

The conditions of gauge invariance force the coefficients in front of the CS terms to be 



D BYY - o 2 9 f YY 
f 

D B ww = lj2 e ! WW > ( 13 °) 

/ 

which have been absorbed and do not appear explicitly, while the SM chiral asymmetries 
are defined as 

oj yy = kqyjT - m f n 

e YWW = Qyj{tIj) 2 , (i3i) 

and the triangle AAvv( m f 0) is given as in (j!12p . Notice that Eq. (11281) is in complete 
agreement with the SM result shown in (11121) . obtained by removing the contributions 
proportional to the B gauge bosons and setting the chiral asymmetries of Y and W% to 
zero. In particular, if the gauge bosons are not anomalous and in the chiral limit (rrif = 
or rrif = m) this trilinear amplitude vanishes. 
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As we have already pointed out, the amplitude for the (Z'yy) process is espressed in 
terms of 6 invariant amplitudes that can be easily computed and take the form 



A^y V = Ai(ki, k 2 )e[k 1 ,fi, u, X] + A 2 (h, k 2 )e[k 2 , /1, u, X] + A 3 (k x , k 2 )e[k 1 , k 2 , fi, X]ki 

+A 4 (k 1 , k 2 )e[k 1 , k 2 , //, X\k 2 + A 5 (&i, k 2 )e[k 1 , k 2 , v, \]k% + A 6 (k 1 , k 2 )e[ki, k 2 , u, X)k%, 

(132) 

with 

A 1 (k 1 ,k 2 ) = h-hA^k^k^ + kjA^kuh) 
A 2 (h,k 2 ) = -A^h) 
A 5 (h,k 2 ) = -A 4 (k 2 ,h) 
A 6 (h,k 2 ) = -A 3 (k 2 ,k!). 

(133) 

Also Ai(ki, k 2 ) = Ai(k 2 , ki) as one can easily check by a direct computation. We obtain 

-1 pl-x 



A 3 (h,k 2 ) = -- [ dx / dy 
* Jo Jo 



xy 



y(l — y)k\ + x{l — x)k\ + 2xy k\ ■ k 2 — m 2 



1 r,. *u-*) 



Mb, k 2 ) - 2 J Q dx J q dy y{i _ ^ + ^ _ + ^ y ^ 

(134) 

The computation of these integrals can be done analytically and the various regions 
< s < Am 2 *., rrif » \/s/2, and rrif —>■ can be studied in detail. In the case of 
both photons on-shell, for instance, and s > Am 2 we obtain 

1 m) 



A 3 (k u k 2 ) = - ^Li 2 

2s s 



1 - Jl - Am)/s 




1 v 1 ~ 4m ' /s 

AAki, k 2 ) = h — ArcTanh 

s s 

Notice that the case in which the two photons are on-shell and light fermions are running 
in the loop, then the evaluation of the integral requires particular care because of infrared 
effects which render the parameteric integrals ill-defined. The situation is similar to the 
case of the coupling of the axial anomaly to on-shell gluons in spin physics (30] , when the 
correct isolation of the massless quarks contributions is carried out by moving off-shell on 
the external lines and then performing the rrif — > limit. 
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7.2 qq — > 77 with an intermediate Z 

In this section we are going to describe the role played by the new anomaly cancelation 
mechanism in simple processes which can eventually be studied with accuracy at a hadron 
collider such as the LHC A numerical analysis of processes involving neutral currents can 
be performed along the lines of [9] and we hope to return to this point in the near future. 
Here we intend to discuss briefly some of the phenomenological implications which might 
be of interest. Since the anomaly is canceled by a combination of Chern-Simons and 
Green-Schwarz contributions, the study of a specific process, such as Z — > 77, which 
differs from the SM prediction, requires, in general, a combined analysis both of the 
gauge sector and of the scalar sector. 

We start from the case of a quark-antiquark annihilation mediated by a Z that later 
undergoes a decay into two photons. At leading order this process is at parton level 
described by the annihilations of a valence quark q and a sea antiquark q from the two 
incoming hadrons, both of them collinear and massless. In Fig. (I14p we have depicted all 
the diagrams by which the process can take place to lowest order. Radiative corrections 
from the initial state are accurately known up to next-to-next-to-leading order, and are 
universal, being the same of the Drell-Yan cross section. In this respect, precise QCD 
predictions for the rates are available, for instance around the Z resonance [9]. 

In the SM, gauge invariance of the process requires both a Z gauge boson exchange and 
the exchange of the corresponding goldstone Gz, which involves diagrams (A) and (B). In 
the MLSOM a direct Green-Schwarz coupling to the photon (which is gauge dependent) 
is accompanied by a gauge independent axion exchange. If the incoming quark-antiquark 
pair is massless, then the Goldstone has no coupling to the incoming fermion pair, and 
therefore (B) is absent, while gauge invariance is trivially satisfied because of the massless 
condition on the fermion pair of the initial state. In this case only diagram (A) is relevant. 
Diagram (B) may also be set to vanish, for instance in suitable gauges, such as the unitary 
gauge. Notice also that the triangle diagrams have a dependence on rrif, the mass of the 
fermion in the loop, and show two contributions: a first contribution which is proportional 
to the anomaly (mass independent) and a correction term which depends on rrif. 

As we have shown above, the first contribution, which involves an off-shell vertex, 
is absent in the SM, while it is non vanishing in the MLSOM. In both cases, on the 
other hand, we have rrif dependent contributions. It is then clear that in the SM the 
largest contribution to the process comes from the top quark circulating in the triangle 
diagram, the amplitude being essentially proportional only to the heavy top mass. On 
the Z resonance and for on-shell photons, the cross section vanishes in both cases, as we 
have explained, in agreement with the Landau- Yang theorem. We have checked these 
properties explicitly, but they hold independently of the perturbative order at which they 
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are analyzed, being based on the Bose symmetry of the two photons. The cross section, 
therefore, has a dip at Q = Mz, where it vanishes, and where Q 2 is the virtuality of the 
intermediate s-channel exchange. 

An alternative scenario is to search for neutral exchanges initiated by gluon-gluon 
fusion. In this case we replace the annihilation pair with a triangle loop (the process 
is similar to Higgs production via gluon fusion), as shown in Fig. [TJ3 As in the decay 
mechanism discussed above, the production mechanism in the SM and in the MLSOM are 
again different. In fact, in the MLSOM there is a massless contribution appearing already 
at the massless fermion level, which is absent in the SM. The production mechanism by 
gluon fusion has some special features as well. In ggZ production and Z77 decay, the 
relevant diagrams are (A) and (B) since we need the exchange of a Gz to obtain gauge 
invariance. As we probe smaller values of the Bjorken variable x, the gluon density raises, 
and the process becomes sizable. On the other hand, in a pp collider, although the quark 
annihilation channel is suppressed since the antiquark density is smaller than in a pp 
collision, this channel still remains rather significant. We have also shown in this figure 
one of the scalar channels, due to the exchange of a axi-Higgs. 

Other channels such as those shown in Fig. [16] can also be studied, these involve a 
lepton pair in the final state, and their radiative corrections also show the appearance of a 
triangle vertex. This is the classical Drell-Yan process, that we will briefly describe below. 
In this case, both the total cross section and the rapidity distributions of the lepton pair 
and / or an analysis of the charge asymmetry in s-channel exchanges of W's would be of 
major interest in order to disentangle the anomaly inflow. At the moment, errors on the 
parton distributions and scale dependences induce indeterminations which, just for the 
QCD background, are around 4% [9], as shown in a high precision study. It is expected, 
however, that the statistical accuracy on the Z resonance at the LHC is going to be a 
factor 100 better. In fact this is a case in which the experiment can do better than the 
theory. 

7.3 Isolation of the massless limit: the Z* — > 7*7* amplitude 

The isolation of the massless from the massive contributions can be analized in the case of 
resolved photons in the final state. As we have already mentioned in the prompt photon 
case the amplitude, on the Z resonance, vanishes because of Bose symmetry and angular 
momentum conservation. We can, however, be on the Z resonance and produce one or 
two off-shell photons that undergo fragmentation. Needless to say, these contributions 
are small. However, the separation of the massless from the massive case is well defined. 
One can increase the rates by asking just for 1 single resolved photon and 1 prompt 



32 



photon. Rates for this process in pp-collisions have been determined in [31]. We start 
from the case of off-shell external photons of virtuality Si and s 2 and an off-shell Z (Z*). 
Following [32], we introduce the total vertex V Xllu (ki,k 2 ,mf), which contains both the 
massive m/ dependence (corresponding to the triangle amplitude A XfJ,1/ . Its massless 
counterpart V Ami "(0) = V(kx, k 2 ,rrif = 0), obtained by sending the fermion mass to zero. 
The Rosenberg vertex and the V vertex are trivially related by a Schoutens transformation, 
moving the A index from the Levi-Civita tensor to the momenta of the photons 



V XlJ ,v(h, k 2 ,m f ) 

= A{k\, k 2 ,m f )e[X, fi, u, k 2 ]si - A(k 2 , ki, m/)e[A, /i, v, h]s 2 + A(k±, fc 2 , m/)e[A, v, k\, k 2 \kf{ 
+A(k 2 , ki, m/)e[A, k 2 , ki]k 2 - B(k 1 , k 2 , mf)e[fi, u, kx, k 2 ]k x (136) 

with k — k\ — k 2 = and s, = kf {i = 1,2), and 



A(k 1 ,k 2 ,m f ) 



1 
A 

+s 2 



-^{s - si + s 2 ) - Q(s + s 2 ) + (6/A)ssiS 2 ^ A #1 



- - (3/A)s(s - si - s 2 ) 



A 



#2 



+ [ss 2 + (m 2 f + (3/\)ssiS 2 )(s - si + s 2 )] C #0 ] 



(137) 



B(k 1 ,k 2 ,m j 



with 



1 
A 

+ S 2 



,8-8!- 82) + Si 



+ (3/A)s 2 (s + s 1 -s 2 ) 



A 



#1 



+ (3/A) Sl ( S - 8! + s 2 ) 



A 



#2 



+ [sis 2 - (m? f + (3/\)ss!S 2 )(s - si - s 2 )] C #0 ] 



A = A(s,si,s 2 ), 



(138) 



(139) 



being the usual Mandelstam function and where the analytic expressions for A#j and C#o 
are given by 



, Oi+ 1 .O3 + I .. . 

Oiln : — a 3 in 7, (i=l,2) 



a» - 1 

3 



x/A^Y Ll2 V a i + & 

1=1 



a 3 - 1 
6< - 1 



L, 2 |=^l) + Li 2 (=^l 

ai-bi J Xa-i-bi 



Li 2 



bj + l 

ai + 6i 



(140) 



and 



U = Si - ie, Oj = ^/l + (2m f ) 2 /ti, (i=l,2,3), 
A = A(ti, t 2 , t 3 ), bi = -t 2 - t 3 )/VX or cyclic 



(141) 
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For mf = the two expressions above become 



a 



#0 



1,2), 



2( C(2) - Li 2 (xi) - Li 2 (x 2 ) + Li 2 ( — ) ) + lnxilnx 2 



1 



with 



x ; 



(k + I) 



1,2,3). 



(142) 



(143) 



These can be inserted into fll3T[) and fl 138[) together with rrif = to generate the corre- 
sponding V Aau/ (0) vertex needed for the computation of the massless contributions to the 
amplitude. 

With these notations we clearly have 

a a^ = v Xf " / (k 1 ,k 2 ,m f ) 
A A ^(0) = V x ^(kx, k 2 ) 
A x ^{m f ) = V XfJ,1/ (ki, k 2 , mf) — V x,J,u (k 1 , k 2 ). 

(144) 



7.4 Extension to Z — > 7*7 

To isolate the contribution to the decay on the resonance, we keep one of the two photons 
off-shell (resolved). We choose s\ = 0, and s 2 virtual. We denote by T x ^ u the correspond- 
ing vertex in this special kinematical configuration. The Z boson is on-shell. In this case 
at 1-loop the result simplifies considerably [33] 

^\fiu = F 2 (s 2 e[X, /i, is, k\\ + & 2 e[A, //, ki, k 2 ]), (145) 

with F 2 expressed as a Feynman parametric integral 

1 f 1 ~ Z 2 Z 3 

F 2 = —j dz 1 dz 2 dz 3 S(l - zi - z 2 - z z ) — — — (146) 

2vr 2 J mj - z 2 z 3 s 2 - z x z 3 M^ 

Setting F 2 = —F{z,rf) where f(z,r) is a dimensionless function of 

z = s 2 /M 2 z , r s = m 2 z / Am), (147) 

and for vanishing rrif (rj = M^/Arrvi — *> 00), the corresponding massless contribution is 
expressed as F(z, 00) with, in general 

F(z ' r/) = 4(1- z)* W TfZ,r,) ~ /(r/ ' r/) + 1 " Z)l (148) 
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where 



•x- 
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'1- 
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'x- 
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x 



1 



I(x,r f ) = 2\j —\ll(y/^X + y/l - x) (\ll(y/^X + y/l - x)) 2 for X < 

sin -1 \fx H (sin -1 \fx) 2 for 0< x < 1 

r f 

(171 \ 1 f 17c \ ^ 

ln(v^ + Vx- 1) - —j - — \ + y/x-1) - yj , 

for x > 1. (149) 
The rrif = contribution is obtained in the rf — > +oo limit, 

F(s,oo) = * (lnz + 1-z) for z > 0, 

' (In |z| +Z7T + 1 - z) for z < 0. (150) 



4(1-2 

In these notations, the infinite fermion mass limit (rrif — > oo or r — ► 0), gives -F(z, 0) = 
and we find 

a a^ = T x ^ = F(z,r f ) 
A A ^(0) = r A ^(0) = F{z, oo) 
A A ^(m 7 ) = r A ^-r A ^(m / ) = F(z,r / )-F(z,oo), (151) 

which can be used for a numerical evaluation. The decay rate for the process is given by 
T(Z - 7*7) = 4^ / d 4 hd 4 k 2 5(k 2 1 ) 5(k 2 2 - Ql)\M z ^r? 2(n) 4 6(k - h - fc 2 ), (152) 
where 

ttAA' _ AA' , K 

^ " S + Mf 

I# = V A ' + ^- (153) 

We have indicated with the virtuality of the photon. A complete evaluation of this ex- 
pression, to be of practical interest, would need the fragmentation functions of the photon 
(see [3 lj for an example). A detailed analysis of these rates will be presented elsewhere. 
However, we will briefly summarize the main points involved in the analysis of this and 
similar processes at the LHC, where the decay rate is folded with the (NLO/NNLO) 
contribution from the initial state using QCD factorization. 

Probably one of the best way to search for neutral current interactions in hadronic 
collisions at the LHC is in lepton pair production via the Drell-Yan mechanism. QCD 
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corrections are known for this process up to 0(a 2 ) (next-to-next-to-leading order, NNLO), 
which can be folded with the NNLO evolution of the parton distributions to provide 
accurate determinations of the hadronic pp cross sections at the 4 % level of accuracy [9] . 
The same computation for Drell-Yan can be used to analize the pp — > Z — ► 77* process 
since the Wy (hadronic) part of the process is universal, with Wy defined below. An 
appropriate (and very useful) way to analyze this process would be to perform this study 
defining the invariant mass distribution 



da 
dQ 2 



ra z ^(Q 2 ,M v )Wy(r,Q' 



where r = Q 2 / S, which is separated into a pointlike contribution az- 



<tv{Q\MI 



ira 



v(z -> 77*) 



(154) 



(155) 



v 1 AM Z sin 9 2 w cos 9 2 W N C (Q 2 - Mf) 2 + M\Y\ ' 
and a hadronic structure functions Wz- This is defined via the integral over parton 
distributions and coefficient functions A 



1.1 



Wz(Q 2 ,M 2 z )= [ dx x [ dx 2 [ dx6(r-xx 1 x 2 )PDY j (x 1 ,x 2 ,fi 2 f )A ij (x,Q 2 ,fi 2 f ) (156) 
J Jo Jo 

where /i/ is the factorization scale. The choice fif = Q, with Q the invariant mass of the 
77* pair , removes the log(Q/M) for the computation of the coefficient functions, which 
is, anyhow, arbitrary. The non-singlet coefficient functions are given by 
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with C F = (N 2 - 1)/(2N C ) and the "+" distribution is defined by 
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while at NLO appears also a q-g sector 
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1 ,1 ,1 
dxi / dx 2 / dx8(r — xx\x 2 ) 

i! Jo JO 



Other sectors do not appear at this order. Explicitly one gets 
W Z (Q\M 2 Z ) = 

i 

x{(qi(xi,^ 2 f)qi(x 2 ,lJ 2 f ) + q i (x 1 ,ii 2 f )q i (x 2 ,li}))A q q(x,Q 2 ,[i 2 f ) 

A qg (x,Q 2 ,/i 2 f ) 



+ (qi(x 1 ,/j, f )g(x 2 , (i f ) + qi(x 2 , fi f )g(x 1 , 



(160) 
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Figure 14: Two photon processes initiated by a qq annihilation with a Z exchange. 




Figure 15: Gluon fusion contribution to double-photon production. Shown are also the 
scalar exchanges (B) and (D) that restore gauge invariance and the axi-Higgs exchange 
(E). 

where the sum is over the quark flavours. The identification of the generalized mechanism 
of anomaly cancelation requires that this description be extended to NNLO, which is now 
a realistic possibility. It involves a slight modification of the NNLO hard scatterings 
known at this time and an explicit computation is in progress. 

8 Conclusions 

We have presented a study of a model inspired by the structure encountered in a typical 
string theory derivation of the Standard Model. In particular we have focused our investi- 
gation on the characterization of the effective action and worked out its expression in the 
context of an extension containing one additional anomalous U(l). Our analysis special- 
izes and, at the same time, extends a previous study of models belonging to this class. The 
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Figure 16: The qq annihilation channel (A,B). Scalar exchanges in the neutral sector 
involving the two Higsses and the Axi-Higgs (C,D,E). 

results that we have presented are generic for models where the Stiickelberg and the Higgs 
mechanism are combined and where an effective abelian anomalous interaction is present. 
Our analysis has then turned toward the study of simple processes mediated by neutral 
current exchanges, and we have focused, specifically, on one of them, the one involving 
the Z77 vertex. In particular our findings clearly show that new massless contributions 
are presented at 1-loop level when anomalous generators are involved in the fermionic 
triangle diagrams and the interplay between massless and massive fermion effects is mod- 
ified respect to the SM case. The typical processes considered in our analysis deserve a 
special attention, given the forthcoming experiments at the LHC, since they may provide 
a way to determine whether anomaly effects are present in some specific reactions. Other 
similar processes, involving the entire neutral sector should be considered, though the 
two-photon signal is probably the most interesting one phenomenologically. 

Given the high statistical precision (.05% and below on the Z peak, for 10 fb^ 1 of 
integrated luminosity) which can be easily obtained at the LHC, there are realistic chances 
to prove or disprove theories of these types. Concerning the possibility of discovering extra 
anomalous Z', although there are stringent upper bounds on their mixing(s) with the Z 
gauge boson, it is of outmost importance to bring this type of analysis even closer to 
the experimental test by studying in more detail the peculiarities of anomalous gauge 
interactions for both the neutral and the charged sectors along the lines developed in this 
work. This analysis is in progress and we hope to report on it in the near future. 
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9 Appendix. A Summary on the single anomalous 
U(l) model. 

We summarize in this appendix some results concerning the model with a single anomalous 
£7(1) discussed in the main sections. These results specialize and simplify the general 
discussion of [19] to which we refer for further details. We will use the hypercharge values 
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and general U(1) B charge assignments 
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The covariant derivatives act on the fermions Jr as 

V»f L = (d» + zA M + iq\ fL) giA^) f L 

VJ R = (d, + iA, + iq^giA^ f R (161) 

with I = Y,B abelian index, where A M is a non-abelian Lie algebra element and write the 
lepton doublet as 

L t =(j e u y (162) 
We will also use standard notations for the SU(2) W and SU(3)c gauge bosons 

= yWj = T f W*, with z = l,2,3 (163) 
G, = yG; = T a G; with a = 1,2,.. .,8 (164) 
with the normalizations 
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Tr[rV] = Tr[T a T 6 ] = U ab . 

The interaction lagrangean for the leptons becomes 



(165) 
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ks usual we define the left-handed and right-handed currents 



I L = -( I - I 5 ) T R = -( J + J 5 ) 
V 2 M M 2 V'' 1 



J = J R + J L 



(166) 



4 = J*-Jt- (167) 



Writing the quark doublet as 
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we obtain the interaction lagrangean 
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(169) 



As we have already mentioned in the introduction, we work with a 2-Higgs doublet 
model, and therefore we parameterize the Higgs fields in terms of 8 real degrees of freedom 
as 



H°. 



(170) 



where if+, H d and H®, H® are complex fields. Specifically 
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Expanding around the vacuum we get for the uncharged components 

H?,„ + iH° uI 



H+ = h: 



H u -v u + 



W° _L dR + dI 

H d =v d + ■ 



V2 ' d a ' V2 

The Weinberg angle is defined via cos9 w = g 2 / g,sin9 w = gy/g, with 



(171) 



(172) 



2 2,2 

9 =9y + 92- 



(173) 



40 



We also define cos (3 — v d /v, sin/3 — v u /v and 



2 2,2 

v =v d + v u . 



(174) 



The mass matrix in the mixing of the neutral gauge bosons is given by 



Cmass = {W 3 A Y B) M 2 
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-92 X B 9y X B 2M 1 + N BB 



(176) 



at I B2 2 , B2 2\ 2 

N B b = [Qu v u +q d v d ) g B , 



(177) 



Xj 



{Qu v u +Qd v d) 9b- 



(178) 



The orthonormalized mass squared eigenstates corresponding to this matrix are given by 



fo£\ 
\o? 3 J 



( 



9Y 



91 



\ 







(179) 



/ 



( °& \ 



A 



22 



g 2 x B 



92 (2M?-g 2 v 2 +N BB + yJ (2M 2 -g 2 v 2 +N BB ) 2 +4g 2 x 2 B 



(2M 2 -g 2 v 2 +N BB + J(2M 2 ~g 2 v 2 +N BB y+< 
g Y ^2M 2 -g 2 v 2 +N BB + ^(2M 2 -g 2 v 2 +N BB ) 2 +4g 2 x 2 Yj 

B x ji+^(2M 2 -g 2 v 2 +N BB + ^{2M 2 -g 2 v 2 +N BB y+Ag 2 x\ 

2 



\ 



(180) 



y ^A+^(2M 2 -g 2 v 2 +N BB + ^/(2M 2 -g 2 v 2 +N BB y+4g 2 x^ J 

One can see that these results reproduce the analogous relations of the SM in the limit of 
very large M 1 



lim Oi = ^, 

" • 9 



hm = , 

Mi— >oo g Mi-+oo g 

Od ~ --r^r = -ei so that lim Od = 0. 

23 2M 2 2 Mx-^oo 23 
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/ OA \ 
V o£ 3 J 



Similarly, for the other matrix elements of the rotation matrix A we obtain 

/ g2^-2M 2 +g 2 v 2 -N BB + ^(2M 2 -g 2 v 2 +N BB ) 2 +4g 2 x 2 B ^ ^ 

g 2 x B ^4+J^(^-2M 2 +g 2 v 2 -N BB + ^(2M 2 -g 2 v 2 +N BB ) 2 +4g 2 x 2 
r (-2M 2 +g 2 v 2 -N BB + ^J '{2M 2 -g 2 v 2 +N BB y '+4g 2 x% S j 



9 2 ^B^+^(-2M 2 +g 2 v 2 -N BB +^/(2M 2 -g 2 v 2 +N BB ) 2 +4g 2 x 2 B 

2 

^ ^4+^(-2M 2 Wv 2 -N BB + ^(2M 2 -g 2 v 2 +N BB Y+4g 2 x%y 

whose asymptotic behavior is described by the limits 



(181) 



^31 — 



92 X B 

' 2 M 2 



92. 



A _ 9y x b 

32 



9y 



2 Ml 



fc l' ^33 — L i 



lim = 0, 



lim O 3 A 2 = 0, 

Mi^oo 



lim Ot = 1. 



(182) 
(183) 



These mass-squared eigenstates correspond to one zero mass eigenvalue for the photon A , 
and two non-zero mass eigenvalues for the Z and for the Z' vector bosons, corresponding 
to the mass values 



\ [2Ml + g 2 v 2 + N BB - y/ '(2M 2 - S V + N BB f + 4jV fl 



(184) 



1 # 2 x| 



2^2 



1 g x 



.1/; 4 M x 4 8 



rrir 



- A [2Ml + «?V + N BB + J(2M*-gW + N BB ) 2 + 4g*xl 



(185) 



M 2 + 



The mass of the Z gauge boson gets corrected by terms of the order v 2 /Mi, converging 
to the SM value as Mi — > 00, with Mi the Stiickelberg mass of the B gauge boson, the 
mass of the Z' gauge boson can grow large with Mi. 

The physical gauge fields can be obtained from the rotation matrix A 



(186) 







fW 3 


Z 


|-*| 


A Y 


W 




U 



which can be approximated at the first order as 



J 



J + 0(e 
- 9 fei 



9y 
9 



- 9 f + 0(e 



£2 
3 



§C1 



;i87) 



0{e\). 
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The mass squared matrix (11761) can be diagonalized as 

/ Ay \ 



(Ay Z Z'^)0 A M 2 (0 AVJ 



Z 

V z ' J 










/ A 7 


\ 




m\ 








Vo 





ml,/ 


V 


/ 



. (188) 



It is straightforward to verify that the rotation matrix A satisfies the proper orthogo- 
nality relation 



Af/^A\T 



A (0 



(189) 



9.1 Rotation matrix O x on the axi-Higgs 

This matrix is needed in order to rotate into the mass eigenstates of the CP odd sector, 
relating the axion \ and the two neutral Goldstones of this sector to the Stiickelberg field 
b and the CP odd phases of the two Higgs doublets 



(190) 



We refer to [19J for a morre detailed discussion of the scalar sector of the model, where, 
in the presence of explicit phases (PQ breaking terms), the mass of the axion becomes 
massive from the massless case. The PQ symmetric contribution is given by 





VpQ = E + UHlH a ) 2 ) - 2l ud {HtH u ){H\H d ) + 2l' ud \H^r 2 H d \ 2 , (191) 

a=u,d 

while the PQ breaking terms are 

V P ffl = h (HlH d e-^-^A) + A, (^e^^ 

\ -UnB_ n B^_b_\ 

+ c.c. 



,B _ n B\_b_\ 2 

1 Mi 



+ A 2 (HlH u ) (HiH d e-^-^) + A 3 (fljifr) (fij^e^" 9 * 
where 6 : has mass squared dimension, while A 1; A 2 , A 3 are dimensionless. 



(192) 



<\ = 4 I 4Ai + A 3 cot p + 2 + \ 2 tan (3 



x 



and using v d = v cos /3, 



v 2 sin 2/3 
■u sin /3 together with 



cos/3 w d sin^ 
cot p = — — - = — , tan/3 



sin (5 v u 



cos P v d ' 



(193) 



(194) 
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from the scalar potential [19] one can extract the mass eigenvalues of the model for 
the sscalar sector. The mass matrix has 2 zero eigenvalues and one non-zero eigenvalue 
that corresponds to a physical axion field, \i with mass 



1 + 



v sin 2/3 



Mi 



2 x 



(Qu - (iff «y- 



i + 



Ml 



(195) 



The mass of this state is positive if c x < 0. Notice that the mass of the axi-Higgs is the 
result of two effects: the presence of the Higgs vevs and the presence of a PQ-breaking 
potential whose parameters can be small enough to drive the mass of this particle to be 
very light. We refer to [23] for a simple illustration of this effect in an abelian model. In 
the case of a single anomalous U(l) O x can be simplified as shown below. 

Introducing N given by 

1 1 



N 



1 + 



1 H AT? 4 



(196) 



and defining 



-,B 



Qi 



if) 



(l 



if] 



Mi 



Mi 



v sin p, 



(197) 



iVl = ; (198) 



O x he following matrix 



— N cos j3 sin/3 NiQ 1 cosP 
O x j A^sin/3 cos/5 

NQ 1 cos /3 Fi 



where we defined 
and 



(199) 

Q 1= Qi cos /? (200) 
1 



1 + q2 yr+gfcos^ 

1 1 



l + ^^ 2 sin 2 /W/? ^/l + ^F^ 



(201) 
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One can see from (I196P that Ni = N, and the explicit elements of the 3-by-3 rotation 
matrix O x can be written as 



11 



(0 x; 



21 



(0 x; 



31 



12 



22 



32 



-(gg-gf) 

Mi 
1 



A/ i 2 , i 

(gg-?,?) 2 



_ jV = -AT cos/? 



1 



-(gg-gf) 
Mi 

1 



A/ i 2 , I 

7d V (gg-gg) 2 ^J + 



—A^ = N sin/3 



(gg-gf) 2 + 1 



Mi v 

-(gg-gf K u 



(gg-gf) 2 



NQ i cos j3 



4- — 

1^ „.2 



9 — 2 



v d 



sin /? 

cos (3 



(202) 



(203) 



(204) 

(205) 

(206) 
(207) 



(0 x; 



13 



28 



38 



1 



■, , fag-gf ) 2 vZvj 
1 1 M? u 2 



iV 



1 



f „ cos P 



1 + 



— A 7 " 



(gg-gf ) 2 ^| 

M? u 2 



Mi 

cos /3 = NQ± cos /? 



Mi 



1 + 



(gg-gf ? vjvl 



v u cos /3 
A'. 



Mi 



sin/3 = -NQ 1 sm/3 



Mr 



It can be easily checked that this is an orthogonal matrix 



(20£ 



(209) 
(210) 



(Qxf o* = 1 3X3 . 



(211) 
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9.2 Appendix: Vanishing of the amplitude A x ^ u for on-shell 
external physical states 

An important property of the triangle amplitude is its vanishing for on-shell external 
physical states. 

The vanishing of the amplitude A for on-shell physical states can be verified once we 
have assumed conservation of the vector currents. This is a simple example of a result that, 
in general, goes under the name of the Landau- Yang theorem. In our case we use only 
the expression of the triangle in Rosenberg parametrization [31] and its gauge invariance 
to obtain this result. We stress this point here since if we modify the Ward identity on 
the correlator, as we are going to discuss next, additional interactions are needed in the 
analysis of processes mediated by this diagram in order to obtain consistency with the 
theorem. 

We introduce the 3 polarization four- vectors for the A, //, and v lines, denoted by e, 
ei and e 2 respectively, and we use the Sudakov parameterization of each of them, using 
the massless vectors k\ and k 2 as a longitudinal basis on the light-cone, plus transversal 
(_L) components which are orthogonal to the longitudinal ones. We have 

e = a(ki - k 2 ) + e± e 1 = ak 1 + e 1 ± e 2 = bk 2 + e 2 ±, 

(212) 

where we have used the condition of transversality e • k = 0, e\ ■ k\ = 0, e 2 ■ fa = 0, the 
external lines being now physical. Clearly e_i_ ■ k\ = e± ■ k 2 = 0, and similar relations 
hold also for e±± and e 2 ±, all the transverse polarization vectors being orthogonal to the 
light-cone spanned by fa and fa. From gauge invariance on the \xv lines in the invariant 
amplitude, we are allowed to drop the light-cone components of the polarizators for these 
two lines 

H±£2iy±, (213) 

and a simple computation then gives (introducing = (0, e) and similar) 

A A ^e A £i M _L£ 2 v± = - fa, £i±, £2±, e] = a^ki - fa, e 1± , e 2 ±, a(k x - k 2 ) + e±] 

(x (eU x e 2± ) ■ ei = 0, (214) 

since the three transverse polarizations are linearly dependent. Notice that this proof 
shows that Z — > 77 with all three particles on-shell does not occur. As usual one needs 
extreme care when massless fermions are running in the loop. The situation is analogous 
to that encountered in spin physics in the analysis of the EMC result, where the puzzle 
was resolved [3U] by moving to the massless fermion case starting from off-mass shell 
external lines. 
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10 Appendix. Massive versus massless contributions 



Here we briefly discuss the computation of the mass contributions to the amplitude. We 
start from the massless fermion limit. The anomaly coefficient in rel. (120]) can be obtained 
starting from the triangle diagram in momentum space. For instance we get 

B 2 1 J y B KJ J (2vr) 4 q 2 (q - ki) 2 (q - k) 2 

+(ki ^ k 2 ,n^ v) 

- 9B92*r[TT\-^q B {t) J q 2 (q - kl ) 2 (q - k) 2 

+ {ki -f fc 2 ,yU -»• 

(215) 

and isolating the four anomalous contributions of the form AAA, AVV, VAV and VVA 
we obtain 

&B = \Tr[qg-] = -\Y,<£- ( 216 ) 

/ 

Similarly we obtain 

At = 9 3 B E(^) 3 A^ + g B J>?) 3 A^ 

f f 



n 3 r ,/K W ,,3 f d'q Tr[^P R {j - Pr{4 - 
j [ ) I (2tt) 4 g 2 (g - h) 2 (q - k) 2 



f 



+ (A* -> k 2 ,n-+ v) 

A Tr[ 7 A (l + 7 5 ) (^ - #)t"(1 + 7 5 ) - ^) 7 ^(1 + f 



+^£(#) 3 w 
/ 

+(fei -> fc 2 , A* ^) 



(2tt) 4 q 2 (q-k l ) 2 {q-k) 2 

d 4 q Tr[ 7 A (l - 7 5 )(^ - #) 7 "(1 - 7 5 )(^ - (1 - 7 5 )^] 

(2tt) 4 g 2 (g- ^(g - A;) 2 

(217) 
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D BBB = ~Tr[g|] = i £ [tf*)* - (q^f . 
the other coefficients reported in eq. fl27j) are obtained similarly. 

11 Appendix. CS and GS terms rotated 

The rotation of the CS and the GS terms into the physical fields and the goldstone gives 

= dx(BY A F Y ) = (-i)d ie ^ (k la - k 2a ) [(0 AT ) 2 2l (0 AT ) 32 ] Z X A»A; + ... 
V8I W = ^{e^B.C^fn = {-i) Cl e^ a {k la - k 2a ) [(0 AT ) 2 n (0 AT ) 32 ] Z X A»A» + ... 

VhY = ^fbF Y A F Y = 4^fbe^k,KY p Y a = £^e^k,k v [O^O^ xASft 

+(0£d + O^C[){0 AT f 2l G z A^] + ... 
Vg^ W = ^bTr [F w A F w \ = A^ h -s^k,k u W;Wl = 4^e^k,k u [0^0^)1, X A^ 

+(0hCi + o^C x ){o AT f n ] g z a^a; + ... 

(218) 

These vertices appear in the cancelation of the gauge dependence in s-channel exchanges 
of Z gauge bosons in the gauge. The dots refer to the additional contributions, pro- 
portional to interactions of x, the axi-Higgs, with the neutral gauge bosons of the model. 
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